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Abstract 
This study propounded a novel integral transform called Zacchaeus transform. The functional 
characteristic of Zacchaeus transform is discussed. The Zaccheaus transform of elementary functions 
and some of the derivatives of a function are obtained. The initial value problem in heat conduction are 
analyzed by applying Zacchaeus transform. It is revealed that by applying Zacchaeus transform the 
initial value problems in heat conduction are easily analyzed. 
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Introduction  

n literature, there are many integral 
transform such as: Laplace transform, 

Sumudu transform, Elzaki transform, 
Aboodh transform, Rohit transform, Mahgoub 

transform (laplace – carson transform), 

Mohand transform, Dinesh transform, Gupta 
transform, Kamal Transform, Sadik transform, 

Sawi transform, Tarig transform, Shehu 
transform, Natural transform, Z Z transform, G- 
transform, Pourresa transform, ∝ - integral 

laplace transform, SEE transform and so on [3-
10]. Many of them have been applied to solve 

differential equation. In this literature 

Zacchaeus transform will be applied to solve 
differential equation with initial value problem 

in heat conduction. 
 

II.  DEFINITION OF ZACCHAEUS 

INTEGRAL TRANSFORM  
Let 𝑓(𝑡) be a continuous function on any 

interval for 𝑡 ≥ 0. The Zacchaeus transform of 

𝑓(𝑡) is defined as 𝑍[𝑓(𝑡)] = 𝑉4 ∫ 𝑒−𝑣𝑡∞

0
𝑓(𝑡)𝑑𝑡 =

𝑧(𝑣), provided that the integral convergence, 

where 𝑉 may be a real or complex parameter 

and 𝑍 is the Zacchaeus transform operator.  

 
III.  ZACCHAEUS TRANSFORM OF 

ELEMENTARY FUNCTION 
 According to the definition of 
Zacchaeus transform 𝑍[𝑓(𝑡)] =

𝑉4 ∫ 𝑒−𝑣𝑡𝑓(𝑡)𝑑𝑡
∞

0
  

1. 𝑍[𝑓(𝑘)] =  𝑘𝑣3 

2a. 𝑍[𝑓(𝑡𝑛)] = 𝑛!𝑣3

𝑣𝑛 , 𝑛 ≥ 0 

2b. 𝑍[𝑓(𝑡𝑛)] =  𝜞(𝒏+𝟏)𝒗𝟑

𝑣𝑛  , 𝑛 >  −1  

3. 𝑍[𝑓(𝑒𝑘𝑡)] = 𝑣4

𝑣−𝑘
 , 𝑣 > 𝑘 

4. 𝑍[𝑓(sin 𝑘𝑡)] = 𝑘𝑣4

𝑣2+𝑘2 

5. 𝑍[𝑓(𝑐𝑜𝑠𝑘𝑡)] = 𝑣5

𝑣2+𝑘2 

6. 𝑍[𝑓(sinh 𝑘𝑡)] = 𝑘𝑣4

𝑣2−𝑘2 

7. 𝑍[𝑓(cosh 𝑘𝑡)] = 𝑣5

𝑣2−𝑘2 

 

Proof: 

1. 𝑍(𝑡) = 𝑣4 ∫ 𝑒−𝑣𝑡𝑓(𝑡)𝑑𝑡 = 𝑣4 ∫ 𝑘𝑒−𝑣𝑡𝑑𝑡
∞

0

∞

0
=

𝑣4. 𝑘[
𝑒−𝑣𝑡

−𝑣
]0

∞ = 𝑘𝑣3 

 

2. 𝑍(𝑡𝑛) = 𝑣4 ∫ 𝑒−𝑣𝑡𝑓(𝑡)𝑑𝑡
∞

0
 putting 𝑣𝑡 = 𝑥 then 

𝑡 = 𝑥

𝑣
  𝑑𝑡 =

𝑑𝑥

𝑣,
  

Thus, we have 𝑍(𝑡𝑛) = 𝑣4 ∫ 𝑒−𝑥∞

0
(𝑥

𝑣
)

𝑛𝑑𝑥

𝑣
  or 

𝑍(𝑡𝑛) = 𝑣4. 1

𝑣𝑛+1  ∫ 𝑒−𝑥𝑥𝑛𝑑𝑥
∞

0    

𝑍(𝑡𝑛) = 𝑛!𝑣4

𝑣𝑛+1=𝑛!𝑣3

𝑣𝑛 = 
𝛤(𝑛+1)𝑣3

𝑣𝑛   

Since 𝛤(𝑛 + 1) = ∫ 𝑒−𝑥𝑥𝑛𝑑𝑥
∞

0
 and 𝛤(𝑛 + 1) =

𝑛!  
 

3.𝑍(𝑒𝑘𝑡) = 𝑣4 ∫ 𝑒−𝑣𝑡∞

0
. 𝑒𝑘𝑡𝑑𝑡 = 𝑣4 ∫ 𝑒−(𝑣−𝑘)𝑡𝑑𝑡

∞

0
 

 = 𝑉4 [
𝑒−(𝑣−𝑘)

−(𝑣−𝑘)
] =

𝑣4

𝑣−𝑘
  

 

4. 𝑍(sin 𝑘𝑡) = 𝑍 [
𝑒−𝑖𝑘𝑡−𝑒−𝑖𝑘𝑡

2𝑖
] =

1

2𝑖
[

𝑣4

𝑣−𝑖𝑘
−

𝑣4

𝑣+𝑖𝑘
] =

𝑘𝑣4

𝑣2+𝑘2 

 

5. 𝑍(cos 𝑘𝑡) = 𝑍 [
𝑒𝑖𝑘𝑡+𝑒−𝑖𝑘𝑡

2
] =

1

2
[

𝑣4

𝑣−𝑖𝑘
−

𝑣4

𝑣+𝑖𝑘
] =

𝑣5

𝑣2+𝑘2 

6. 𝑍[sinh 𝑘𝑡] = 𝑍 [
1

2
(𝑒𝑘𝑡 − 𝑒−𝑘𝑡)] =

1

2
[

𝑣4

𝑣−𝑘
−

𝑣4

𝑣+𝑘
] =

𝑘𝑣4

𝑣2−𝑘2 

I 
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7. 𝑍[cos ℎ(𝑘𝑡)] = 𝑍 [
𝑒𝑘𝑡+𝑒−𝑘𝑡

2
] =

1

2
[

𝑣

𝑣−𝑘
+

𝑣4

𝑣+𝑘
] =

𝑣5

𝑣2−𝑘2 

 
IV.  ZACCHAEUS TRANSFORM OF 

DERIVATIVES 
1.  𝑍[𝑓𝑖(𝑡)] = 𝑣𝑧[𝑓(𝑡)] − 𝑣4𝑓(0) 
2.  𝑍[𝑓𝑖𝑖(𝑡)] = 𝑣2𝑧[𝑓(𝑡)] − 𝑣5𝑓(0) −
𝑣4𝑓𝑖(0) 
3.  𝑍[𝑓𝑖𝑖𝑖(𝑡)] = 𝑣3𝑧[𝑓(𝑡)] − 𝑣6𝑓(0) −
𝑣5𝑓𝑖(0) − 𝑣4𝑓𝑖𝑖(0) 
4.  𝑍[𝑓𝑖𝑣(𝑡)] = 𝑣4𝑧[𝑓(𝑡)] − 𝑣7𝑓(0) −
𝑣6𝑓𝑖(0) − 𝑣5𝑓𝑖𝑖(0) − 𝑣4𝑓𝑖𝑖𝑖(0) 

5. 𝑍[𝑓𝑛(𝑡)] = 𝑣𝑛𝑧[𝑓(𝑡)] − 𝑣(𝑛+3)𝑓(0) −

𝑣(𝑛+2)𝑓𝑖(0) − 𝑣(𝑛+1)𝑓𝑖𝑖(0) − ⋯ − 𝑣𝑛𝑓(𝑛−1)(0) 
 
 

V. INVERSE ZACCHAEUS 
TRANSFORM OF ELMENTARY FUNCTIONS 
1.  𝑍−1(𝑎𝑣3) = 𝑎 

2.  𝑍−1(𝑣2) = 𝑡 

3.  𝑍−1(𝑣) =
𝑡2

2!
 

4.  𝑍−1(𝑣3−𝑛) =
𝑡𝑛

𝑛!
 

5.  𝑍−1(𝑣3−𝑛) =
𝑡𝑛

𝛤(𝑛+1)
 

6.  𝑍−1 (
𝑣4

𝑣− 𝑘
) =  𝑒𝑘𝑡 

7.  𝑍−1 (
𝑣4

𝑣2+ 𝑘2) = 
sin 𝑘𝑡

𝑘
 

8.  𝑍−1 (
𝑣5

𝑣2+ 𝑘2) =  cos 𝑘𝑡 

9.  𝑍−1 (
𝑣4

𝑣2− 𝑘2) = 
sin ℎ𝑘𝑡

𝑘
 

10.  𝑍−1 (
𝑣5

𝑣2− 𝑘2) =  cos ℎ𝑘𝑡  

 
VI. APPLICATION OF ZACCHAEUS 

TRANSFORM 

Application 1: The rate of decrease of 
temperature of the body is proportional to the 

difference between the temperature of the 
body and that of the medium. 

We will apply Zacchaeus transform to find the 

temperature of the body at any instant.  
 

Solution 
Let 𝑇1 be the initial temperature of the body, ′𝑇′ 
be the temperature of the body at any instant t 
and 𝑇0 be the temperature of the medium, then 

we have 
 𝑇1(𝑡) = −𝑘[𝑇(𝑡) − 𝑇0] 
 

Applying Zacchaeus transform, we have  
𝑣𝑧(𝑣) − 𝑣4𝑧(0) = −𝑘𝑧(𝑣) + 𝑣3𝑘𝑇0 at 𝑡 =
0, 𝑇(0) = 𝑇1, therefore, we have 
 𝑣𝑧(𝑣) − 𝑣4𝑇1 = −𝑘𝑧(𝑣) + 𝑣3𝑘𝑇0 

 𝑧(𝑣) =
𝑣4𝑇1

𝑣+𝑘
+

𝑣3𝑘𝑇0

𝑣+𝑘
 

 𝑧(𝑣) = 𝑇1 (
𝑣4

𝑣+𝑘
) + 𝑇0 [𝑣3 −

𝑣4

𝑣+𝑘
]  

Taking inverse Zacchaeus transform, we have  
 𝑇(𝑡) = 𝑇1𝑒−𝑘𝑡 + 𝑇0[1 − 𝑒−𝑘𝑡] 
 
Application 2: The rate at which a body cool 

is proportional to the differences between the 

temperature of the body and that of the 
surrounding air. If a body in air at 250C will cool 

from 1000 C to 750C in one minute, find its 

temperature at the end of three minutes. 

 
Solution 
Let temperature of the body be 𝑇0C 
𝑑𝑇

𝑑𝑡
= 𝑘(𝑇 − 25) or 

𝑑𝑇

𝑑𝑡
= 𝐾𝑇 

Applying Zacchaeus integral transform  

 𝑍 [
𝑑𝑇

𝑑𝑡
] = 𝑍(𝐾𝑇) 

 𝑉𝑍[𝑇(𝑡)] − 𝑣4𝑇(0) = 𝑘𝑧[𝑇(𝑡)] 
Introducing the initial condition 
 𝑉𝑍[𝑇(𝑡)] − 𝐴𝑉4 = 𝐾𝑍[𝑇(𝑡)] 
 (𝑉 − 𝐾)𝑍[𝑇(𝑡)] = 𝐴𝑉4  

 𝑍[𝑇(𝑡)] =
𝐴𝑉4

𝑉−𝐾
 

Taking the inverse of Zacchaeus transform 
 𝑇 = 𝐴𝑒𝑘𝑡 

Since the temperature reduce by 250C 

 𝑇 − 25 = 𝐴𝑒𝑘𝑡 

When 𝑡 = 0, then 𝑇 = 100, from 𝐴 = 75 

When 𝑡 = 1, then 𝑇 = 75 and 𝐴 = 75 from 

(2.1)
2

3
= 𝑒𝑘, then 𝑘 =

8

27
 

∵ Therefore equation (2.1) becomes 𝑇 = 25 +
75𝑒𝑘𝑡 

When 𝑡 = 3, the 𝑇 = 25 + 75𝑒3𝑘 

= 25 + 75 × (𝑒𝑘)3= 25 + 75 × (
2

3
)3 

= 25 + 75 ×
8

27
= 25 +

600

27
 

= 25 + 22.2222 ≃ 47. 220C 

 

Application 3: The rate at which the ice melts 
is proportional to the amount of ice 

present at 
the instant. Find the amount of ice left after 

2hours if half of the quantity melt in 30minutes 

 
Solution 
Let 𝑀 be the amount of ice at any time t 
𝑑𝑚

𝑑𝑡
= 𝑘𝑚 or 

𝑑𝑀

𝑑𝑚
= 𝑘𝑑𝑡 …………………. (3.1) 

Applying Zacchaeus transform 

 𝑍 [
𝑑𝑚

𝑑𝑡
] = 𝑍(𝑘𝑚) 

 𝑉𝑍(𝑚) − 𝑣4𝑀(0) = 𝐾𝑍(𝑚) 
Introducing the initial condition At 𝑡 = 0, 𝑚 = 𝑀 
 𝑉𝑍(𝑚) − 𝑀𝑉4 = 𝐾𝑍(𝑚) 
 (𝑉 − 𝐾)𝑍(𝑚) = 𝑀𝑉4 

 𝑍(𝑚) =
𝑀𝑉4

𝑉−𝐾
 

Taking the inverse Zacchaeus transform 
 𝑚 = 𝑀𝑒𝑘𝑡…………………  (3.2) 

https://www.oyscatechpublication.org/
https://www.oyscatechpublication.org/
mailto:igboorajamtech@gmail.com


  

 

 

25                                                                                                                            
 

OYSCATECH Journal of Engineering and Environmental Studies 

(OYSCATECH-JEES); Vol. 2, Issue 1. August, 2024 Edition 
https://www.oyscatechpublication.org. ISSN: 2971-6551 

Proudly Sponsored by: 

 
 

OYSCATECH-JEES is a Bi-annual Publication Series of Oyo State College of Agriculture & Technology 

(OYSCATECH), Igboora; Oyo State. https://www.oyscatechpublication.org. All enquiries, correspondence, 

or submission of articles for scholarly publication in the next edition of this Journal should be forwarded to 

igboorajamtech@gmail.com. For further enquiries, contact +234 806 978 7575 or +234 803 478 0805. 

 

At 𝑡 = 30minutes =
1

2
 hours  

 𝑚 = 𝑀𝑒𝑘𝑡 = 𝑀𝑒
𝑘

2⁄  

 𝑚 =
𝑀

2
 when 𝑡 =

1

2
 hour 

 
𝑀

2
= 𝑀𝑒

𝑘
2 

 𝑀 = 2𝑀𝑒
𝑘
2 

 1 = 2𝑒
𝑘
2 = 𝑒

𝑘
2 = 1

2
 

Then 𝐾 = 2𝑙𝑜𝑔
1

2 or 1.3863 on putting the value 

of k in 3.2, we have  

 𝑙𝑜𝑔𝑚 = (2𝑙𝑜𝑔
1
2) 𝑡 + log 𝑀 ………… (3.3)  

on putting 𝑡 = 2hours in 3, we have 𝑙𝑜𝑔𝑚 =

4𝑙𝑜𝑔
1
2 + 𝑙𝑜𝑔𝑀 

= 𝑙𝑜𝑔
𝑚
𝑀 = 𝑙𝑜𝑔(1

2)4 or 
𝑚

𝑀
=

1

16
 or 

𝑀

16
 

After 2hours, amount of ice left =
1

16
 of the 

amount of ice at the beginning. 

 
Application 4: Under certain conditions, cane 

sugar is converted into dextrone at a rate, 

which is proportional to the amount 
unconverted at any time. If out of 75grams of 

sugar at 𝑡 = 0, 8grams are converted during 

the first 3minutes, find the amount converted 

on 11

2
 hours 

 
Solution 
Let 𝐴0 be the amount of cane sugar initially, 𝐴𝑐 

be the amount of cane sugar converted into 
dextrone. Then according to problem, 
𝑑𝐴𝑐

𝑑𝑡
= 𝑘(𝐴0 − 𝐴𝑐) or 

𝑑𝐴𝑐

𝑑𝑡
= 𝑘𝐴0 −

𝑘𝐴𝑐……………………. (4.0) 
𝑑𝐴𝑐

𝑑𝑡
+ 𝑘𝐴𝑐 = 𝑘𝐴0 … (4.1)  

Which is a linear differential equation Taken 
zacchaeus transform of (4.1)  

𝑍 [
𝑑𝐴𝑐

𝑑𝑡
] + 𝑘𝑍(𝐴𝑐) = 𝑘𝑍(𝐴0)  

𝑉𝑍(𝐴𝑐) − 𝑉4𝐴𝑐(0) + 𝐾𝑍(𝐴𝑐) = 𝐾𝑍(𝐴0)  
(𝑉 + 𝐾)𝑍(𝐴𝑐) = 𝑉4𝐴𝑐(0) + 𝐾𝑍(𝐴0)  

𝑍(𝐴𝑐) =
𝑉4𝐴𝑐(0)

𝑉+𝑘
+

𝐾𝑍(𝐴0)

𝑉+𝐾
  

Taking the inverse zacchaeus transform  
𝐴𝑐 = 𝐴𝑐(0)𝑒−𝑘𝑡 + 𝐴0 … (4.2)  
At 𝑡 = 0, 𝐴𝑐 = 0 𝑎𝑛𝑑 𝐴0 = 75 

0 = 𝐴𝑐(0)𝑒−𝑘𝑡 + 75  

0 = 𝐴𝑐(0)𝑒−𝑘(0) + 75 … (4.3)  
−75 = 𝐴𝑐(0) 
At 𝑡 = 30, 𝐴𝑐 = 8 

8 = 75 − 75𝑒−30𝑘  
8 − 75 = −75𝑒−30𝑘  

𝑒−30𝑘 =
67

75
… (4.4)  

At 𝑡 = 90, (4.3) becomes  

𝐴𝑐 = 75 − 75𝑒−90𝑘 

𝐴𝑐 = 75 − 75 (
67

75
)

3

 from (4.4) 

𝐴𝑐 = 75 −
(67)3

(75)2 = 75 −
300763

5625
  

𝐴𝑐 = 75 − 53.45 = 21.55  

 
Conclusion 

In this paper, we have applied a modified 
version of Laplace transform, namely 

Zacchaeus transform for solving problems in 

heat conduction. Like other transform, 
Zacchaeus transform is discovered to be a very 

effective method for solving initial value 
problems in heat condition. 
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